We propose an exact equivalence between the entanglement spectra of two completely different free-fermion systems at zero temperature. This equivalence follows from a position-momentum duality where the physical roles of the occupied band and real space projectors are exchanged. We examine the physical consequences of this duality in multi-band models, and as an example also physically motivate the equivalence of the entanglement spectrum of a real space partitioned twoband topological insulator with that of a bilayer Fermi gas with an interlayer partition. This duality can be extended to other related basis-independent physical quantities.
I. INTRODUCTION
Entanglement is a purely quantum phenomenon that distinguishes quantum systems from classical ones. Many measures have been proposed to characterize entanglement, among which the simplest is the von Neumann entanglement entropy (EE) which measures the bipartite entanglement between two subsystems while the whole system is in a pure state. The EE is determined from the reduced density matrix (RDM) ρ via S = −tr (ρ log ρ), whose spectrum known as the entanglement spectrum (ES) provides a more precise characterization of entanglement 1 . Recently, the EE and ES have been used to probe novel physical characteristics of quantum states in condensed matter. For example, the long distance behavior of the EE characterizes the central charge of a (1 + 1)-d conformal field theory 2 ; a universal subleading constant term in the EE, known as the topological EE , probes the total quantum dimension of 2-d topologically ordered states 3, 4 ; the Fermi liquid phase in generic spatial dimensions d > 1 and surface area A is characterized by a super-area-law [5] [6] [7] [8] with S ∝ A log A; in various topological states, the ES has been shown to be topologically equivalent to the edge/surface states along a physical boundary 1, [9] [10] [11] [12] [13] [14] [15] . The EE and ES also play essential role in the numerical method of Density Matrix Renormalization Group (DMRG) 16 . So far, most research on the EE and ES focuses on the characterization of a single state of matter. In this paper, we shall instead introduce an exact relation between the entanglement properties of two distinct states of matter. We focus on free fermion systems at zero temperature, and derive a simple duality that allows us to find two completely different systems with different real space partitions possessing identical ES.
As we will discuss in detail, the free fermion ES is determined by two projectors, one determined by the Fermi function at zero temperature, and the other by the real space partition. The two projectors play symmetric role in determining the ES, such that a "dual" system can be defined by exchanging their roles. For translation-invariant systems, exchanging the two projectors entails re-interpreting real space and momentum space, hence making this mapping a position-momentum duality. Such a symmetry between the two projectors have been discussed in previous works [17] [18] [19] , but the resulting duality between different systems have not been studied.
In the following, we shall first provide a general derivation of the duality, and then discuss its application to multi-band models. A real space partitioned two-band topological insulator is dual to a bilayer Fermi gas with an interlayer partition. The former possesses a momentum space gauge field which is mapped to a real space non-Abelian gauge field in the Fermi gas. With such qualitatively different states, it is counter-intuitive that they have identical ES. Interestingly, the ES of the Fermi gas contains gapless modes similar to the topological edge states of the topological insulator, and we attempt to give an intuitive physical argument for that. Finally, we extend this duality to other physical quantities such as the particle number fluctuations that can be probed in quantum noise measurements.
II. GENERAL FORMULA OF THE POSITION-MOMENTUM DUALITY
Consider a free-fermion system with the Hamiltonian H = i,j f † i h ij f j , with f i annihilation a fermion at site i. A real-space partition is defined by a subregion A and its complement B =Ā in the system. Since all multi-point correlation functions obey Wick's theorem, the RDM ρ A for ground state |G takes the Gaussian form
The single-particle "entanglement Hamiltonian" h E can be determined from the two-point correlation function
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with I the identity matrix. Therefore the ES of ρ A , i.e. the spectrum of H E , is determined by that of h E which is in turn determined by that of C.
C is obtained by projecting the correlation matrix of the whole system onto the subsystem A. Defining R = i∈A |i i| as the projection operator 17, 18, 21 onto A, one can write
P is also a projection operator, projecting to the occupied states via P = θ(−h) = n θ(−λ n ) |n n|. Here |n and λ n are the eigenstates and eigenvalues of the single particle Hamiltonian h, and θ(x) is the step function. In general, P and R do not commute. For example, P and R are respectively the momentum and real space projections in a translationally-invariant Fermi gas.
The key mathematical reason behind the duality is that the eigenvalues of C = RP R are identical to that of another operator C = P RP as long as both P and R are projectors, i.e. P 2 = P and R 2 = R. This is easily shown as follows 17 : Suppose C|ψ is an eigenstate of C with eigenvalue c. Then c|ψ = C|ψ = R 2 P R|ψ = R(RP R)|ψ = c(R|ψ ), so R|ψ = |ψ . P |ψ will be an eigenstate of C = P RP with the same eigenvalue c, because P RP (P |ψ ) = P RP |ψ = P RP (R|ψ ) = c(P |ψ ). Denoting the eigenvalue spectrum of a matrix C as Spec(C), we thus have
if P and R are both projectors. Now it is straightforward to define two free-fermion systems with identical ES. From a system with P and R projectors defined above, one can define a "dual system" with R ↔ P exchanged, i.e. R being the projector to occupied states and P the projector that defines the partition. Since the ES only depends on the eigenvalues of C via Eq. 2, the two systems with correlation matrices C = RP R and C = P RP have identical ES . The roles of the real-space basis |i and the energy eigenstate basis |n are also exchanged. In the dual system, |n becomes the real-space sites, since P is diagonal in this basis. When |i lives on a lattice, so do k. Consequently, the roles of the reciprocal and real space lattices are exchanged in the duality. In this sense, the R ↔ P duality is indeed a positionmomentum duality.
While we have so far referred to i as real-space 'sites', they can in general contain internal degrees of freedom (DOFs) like bands or spins/sublattices. We also emphasize that the duality still applies to systems without translational symmetry, since P and R are still welldefined. 
III. EXAMPLES OF THE DUALITY
A. Duality between a 2-band topological insulator and a bilayer Fermi gas
We consider the 2-d two-band model with the Hamiltonian
with spatial periodic boundary conditions. Here σ are the Pauli matrices, and d(k) is a 3-d vector in momentum space. f k is a two-component spinor in spin/pseudospin space. The single particle Hamiltonian has energy eigenvalues E ± (k) = ± |d(k)|. If the vector d(k) is nonvanishing in the Brillouin zone, the system is an insulator with one band occupied at each k. We consider a real space partitioning of the system into parts A and B. The single-particle operators P and R defined in Sec. II are
The dual system is defined by exchanging the roles of the real space coordinate i and momentum k. With periodic boundary condition in both directions, i and k both take lattice values on a 2-d torus. After this reidentification, we obtaiñ
NowR is a real space projection to the spin direction −d(r i ), andP is a projection to a momentum space region A. It can be interpreted as a projection to the Fermi sea for a Fermi gas with a spin rotation-symmetric Hamiltonian. We can rewrite it as
where (k) is an energy dispersion such that (k) < 0 only in region A. Its corresponding Hamiltonian is H dual = k,σ (k)f † kσ f kσ , which can also be written in real space as
as long as A has a smooth boundary, with t ij being the Fourier transform of (k).
To obtain a clearer physical picture of the dual system, one can perform a unitary rotation to a basis whereR is diagonal, so thatR can be reinterpreted as a real space projection. This can be inplemented through
which rotatesd(r i ) to the north pole on the Bloch sphere.
In this new basis, the H dual andR becomes
In summary, the two bands in the original system have been transformed to two layers with a partition between them implemented byR. The Hamiltonian of the dual system describes fermion hopping in a non-Abelian background gauge field, with e iAij = U † i U j playing the role of a an SU (2) gauge connection on the lattice which rotates among the two layers. When d(k) in the original system is topologically nontrivial, the ES of both systems are identical and contain gapless chiral edge modes 15, 22 . In the dual system, the nontrivial ES results from the entangling of the two layers by the non-Abelian gauge field, even though the gauge field strength is obviously trivial. In the next subsection, we will provide more a physical illustration of how the gapless ES arises in the dual system.
B. Physical interpretation of the gapless ES in the dual system
In the previous example, the original system is a 2-d Chern insulator with chiral edge states and partitioned in real space. It has the same ES as a dual bilayer Fermi gas system in a background non-Abelian gauge field. Here, we shall understand the nature of the gapless ES in the dual system more physically. For concreteness, we consider a partitioning of the original system which preserves translation symmetry in the y-direction, as shown in Fig.  2 . When its Chern number
is nonzero, its ES contains gapless edge states 15, 22 with chiral dispersion in k y localized at the boundary between regions A and B .
The dual system thus have its Fermi surface along the k y direction, and its energy dispersion can be chosen to be 1-d: (k) = (k x ). In real space, the system consists of L y decoupled 1-d fermion chains, each coupled to a different external SU (2) gauge field. From Eq. 11, it has a real space partition across its two layers, as depicted in To intuitively understand the effect of the SU (2) gauge field, we deform the dual system by adiabatically switching off its interlayer coupling. This means that we deform the hopping matrix element t ij U † i U j according to
with η ∈ (0, 1] a real interpolation parameter. When the two layers are decoupled at η → 0, the SU (2) gauge field reduces to a U (1) gauge field u ij = e ±iaij =[e ±iA ij ] 11 for each layer. Although the SU (2) gauge field U † i U j is a pure gauge with zero field strength, the U (1) gauge field u ij has a nonzero gauge curvature which actually corresponds to the Berry curvature in the original system. In the dual system of decoupled 1-d chains, the only gauge-invariant quantity of a ij is the flux along each 1-d line, labeled by its y coordinate. In the continuum limit, this flux is Φ(y) = dxa x (x, y), and the Chern number of the Berry's phase gauge field from Eq. (12) is determined by the winding number of Φ(y) via C = 1 2π ∂ y Φ(y)dy. Therefore we can interpret each decoupled 1-d chain layer as a 1-d Fermi gas on a ring threaded with flux ±Φ(y). When C = 0, Φ(y) has a winding number of C along the y direction, so a spectral flow occurs as the parameter y is varied. Specifically, as y goes around a complete cycle, C electrons states will be pumped from the left to the right Fermi point, as illustrated in the inset of Fig. 3 . This pumping implies that an equal and opposite level crossing occurs at the Fermi surface of either layer as y is varied. −7 , 10 −2 , 1 respectively. Its gauge field taken to be that of a Dirac hamiltonian 23 with m = 0.8. In the decoupled limit of a), there is negligible EE for most values of y except at a degenerate point when y = Ly/2. The ES approaches that of the original system as interlayer coupling is restored. . d) As electrons shift in kx, one enters the Fermi sea while another leaves. A level-crossing is inevitable.
When η is gradually switched on, the two layers become coupled. When η = 1, we recover the original system with an SU (2) gauge field of zero field strength and identical energy spectrum for each y. This means that the interlayer coupling induced by η destroys the level crossing of the energy spectrum. Since the level crossing can only be removed by coupling the two layers, the level crossing feature will be inherited by the ES when η is nonzero. This is similar to the situation of inter-edge tunneling between two Quantum Hall states, where coupling the left and right moving edge states induces an energy gap, but the chiral dispersion is inherited by the ES between left-and right-movers 13, 15, 22 . This physical argument has been verified numerically, as shown in Fig.  3 , where the ES between the two layers for any η ∈ (0, 1] indeed has a level crossing as a function of y.
C. Generalization to generic multi-band models
The discussions in the last two subsections can be straightforwardly generalized to generic multiband systems. A general N -band system (which may be an insulator or a metal) with a real space partition is dual to a N -flavor Fermi gas coupled to an SU (N ) gauge field with entanglement partition determined by the Hamiltonian of the original system. An insulator Hamiltonian is dual to a interlayer partition, while a metal Hamiltonian is dual to some combination of layer and real space partitions.
More explicitly, the Hamiltonian of a translation invariant N -band system cab be generically written as
with h k an N ×N matrix and f k an N -component spinor of the annihilation operators. Denoting the eigenstates and eigenenergies of h k by |k, n and nk , the momentum and real space projection operators to region A are
The dual system is defined like before, by exchanging real space coordinate r i and momentum k and thus the roles of P and R:
In the dual system, the band index n is interpreted as a layer (or flavor) index, so thatR = P is a real space partition that projects onto layers corresponding to the original occupied bands. If the original system is a metal, some layers will also have additional real space partitions with boundaries corresponding to the original Fermi surface. We can again define a dual Hamiltonian
such that its energy dispersion˜ k < 0 in region A, and t ij denoting its Fourier transform. In terms of original bands |n ,
where U αn i = r i α|r i n . Now, the dual system is a free Fermi gas coupled to a curvatureless SU (N ) gauge field e iAij = U † i U j . When the original system has a gapless ES due to nontrivial topology, the identical ES of its dual system has a corresponding level crossing in real space due to the nontrivial gauge connection that entangles its different layers.
IV. CONCLUSION AND DISCUSSION
We have shown how the duality between the occupiedband projector P and the real space partition R in free fermion systems allows us to construct two very different systems with identical entanglement spectrum. With that, we show that a multi-flavored Fermi gas coupled to an external SU (N ) gauge field with trivial field strength can have a gapless ES between different flavors, with a dual system being a topological insulator partitioned in real space. As this example illustrates, the duality is helpful in understanding the ES when the dual system affords a more intuitive understanding. Another example of this duality is the EE formula of a simple Fermi liquid in d dimensions 19, [24] [25] [26] 
dA x dA k |n x · n k |, which shows that the real and momentum space integrals across the boundary dA x and the Fermi surface dA k play completely symmetric roles.
Since the position-momentum duality fundamentally rests on the invariance of the eigenvalue spectra of C under interchange of P and R projectors 18 , it holds for any basis-independent function of C. As such, the duality can be extended to other physical quantities, for instance the particle-number fluctuation (∆n) 2 = T rC(1 − C) = T r[P RP −P RP RP ] in region A, which is often studied in quantum noise 27 . An open question is whether any form of such duality still holds when interaction is introduced to the system. 
